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ABSTRACT 

This paper proves the existence of Orlicz function spaces L*(0, 1) containing no 
complemented subspaces isomorphic to l p for any p~  2. Some properties of 
minimal Orlicz function spaces L*(0, 1)are also given. 

The existence of Orlicz sequence spaces 1 ~ containing no complemented 

subspaces isomorphic to 1 f' for any p ~ 1 was proved by J. Lindenstrauss and 

L. Tzafriri ([2], [3], [4]) by introducing the important class of minimal Orlicz 

sequence spaces l ~. 

In this note we show a corresponding result for Orlicz function spaces 

L ~ (0, 1). We consider minimal Orlicz function spaces L ~ (0, 1) in order to prove 

the existence of Orlicz spaces L ~ (0, 1) that contain no complemented subspaces 

isomorphic to F for any p ~ 2 .  More precisely the following result will be 

proved: 

THEOREM. Given 1 < r ~ s ~ 2 or 2 <= r <= s < o% there exists an Orlicz f u n c -  

tion space L~(O, I) with indices ce~= r and f l ~ =  s which contains no com-  

p lemented subspaces isomorphic to I p for any p ~  2. 

First let us recall some definitions. If ~b is an Orlicz function (i.e., a continuous 

convex non-decreasing function defined for x=>0 such that ~5(0)=0 and 

(1) = 1) and/z  is the Lebesgue measure on [0, 1 ], the Orlicz space L ~ (0, 1) =- L ~ 

consists of all measurable functions f on [0, 1] such that 

f m, (f) = 4~ d/z < ~ for some r > 0. 
} 
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The space L* endowed with the Luxemburg norm IJ[ll = inf{r > 0: mr (f) =< 1} is a 

Banach space. We assume that & satisfies the A2-condition, so the space L * is 

separable ([6], [5]). 

We shall consider the following sets related to q5 in the space C(0, ~c) endowed 

with the compact-open topology: 

• [4~(r)  r<=s  , E , =  ("1 E,. , ,  
s > 0 

z;s } ' = [ 6 ( r )  r_>-s , E ~ =  ~1 E~,~, 
s > 0  

C,.~ = cony E,,,, G = cony E, ,  

for every s >0 .  As in the case of C(0,1) (see [2], [4]) it follows from the 

A2-condition that the above sets are compact subsets of the space C(0, ac). 

Let us define now a concept of "minimality" in Orlicz spaces which extends 

the one given by J. Lindenstrauss and L. Tzafriri in the context of Orlicz 

sequence spaces I*([2], [3]) 

DEFmmON. An Orlicz function 4~ is minimal  at ~c (resp. at 0) if for every 

function ~ E E~,I C C(0, oc) (resp. E,.1 C C(0, ~)) we have that E~.I = E~,., (resp. 

S4,,l = E~,.,). 

The existence of minimal functions at m (resp. at 0) is proved by Zorn's 

Lemma as in ([2], [4]). 

PROeOSmON 1. Let cb be a minimalfunct ion at oc (resp. at 0). Then in C(O, ~) 

E;.,  = E ;  = E ,  = E,.,. 

PROOF. Let us assume that 4, is minimal at m. If q, ~ E~, # 4, it is clear that 

E~., C E~. Since E~,, = E~,, we deduce that E~, = E~. Hence there exists a 

sequence (r,)1' ~c such that 4a(r." )/¢b(r.) converges to & uniformly over the 

compact sets. Then the functions 

~a(r.r .)  = qg(r.r . ) .  ~a(r,) 
~p(ror) ~b(r,) 4~(r.r) 

converge pointwise to 49(r" )/4a(r) for every r E (0, oc). As (r,r)1' % we deduce 

that 

{~b(r . ) : r  I[=E~,ICET~. < 

~ ( r )  = ) 
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Now we can take in E,.~ a minimal function M at 0 and, by the same arguments 

as above, exchanging the roles of 0 and % we obtain that EM.~ = EM and 

E~.I C EM. 
Finally, we have 

E,., D E~ D EM = EM., D E~.I = E~.~ = E~ D E~.,. Q.E.D.  

As a consequence we get that a function ~b is minimal at ~ if and only if it is 

minimal at 0. From now on we shall say, in short, minimal functions. It is also 

deduced easily that a minimal function has the same indices at ac and at 0, i.e., 

a~ = ce~ and /3,~ =/3 ,  (as defined in [4], [5]). 

Let us remark now on the relation with the Lindenstrauss-Tzafriri  (L-T)  

minimal sequence spaces l ~. Obviously every minimal function is a L - T  minimal 

function ([2]). Conversely, if 4) is a L - T  minimal function then the restriction to 

[0, 1] can be extended over the whole [0, at) defining a function M which is 

minimal in C(0, zc). Indeed, in E~., C C(0, zc) there exists a minimal function ~b. 

Now, since ~ is also a L - T  minimal function, we can take a sequence 

(4,(rk • )/4,(r~ )) in E,,, which converges to qS!f,,.,~ in C(0, 1) and also to a function M 

in C(0, ~). Hence the function M is minimal and M!~o.u = 4). 

PROPOSmON 2. Let ch be a minimal Orlicz function. Then the Orlicz function 
space L* has a complemented subspace isomorphic to l*. 

PROOF. Let us consider the Orlicz sequence spaces l*(w) defined by 

l * ( w ) = { x ~ o J  ~cb(~)w~<oaforsomes>O},,= 

where (w,) is an arbitrary sequence of positive scalars ([1]). It is clear that the 

space L + has a complemented  copy of U'(w) for Z7 ~ w, < 2, by considering a 

conditional expectation. 

Now let us see that 1 + is isomorphic to any space le'(w) for sequences (w,); ~ of 

finite sum. Indeed, if (r,)7,=l denotes the scalar sequence verifying 1/,b(r,)= w,, 
then the functions qS(r,.)/4~(r,) belong to E~,t for sufficiently large n. Since 

E~.~ = E ,  we can take a sequence (s,)7 .... converging to 0 such that 

I qg(r,t)_ q~(s,t) l < 1 
4~(r.) qS(s,) = 2  '-7 for 0 =  < t <= 1 

and sufficiently large n. Now for w', = 1/4,(s,), it follows from the above relation 

that the spaces U'(w) and U'(w') are isomorphic. Finally, as w',--+o~ the space 

l+(w ') is isomorphic to a space generated by a block basis with constant 
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coefficients of the unit vector basis of 1'. So from the minimality of the space l* 

([4] Prop. 4.b.7)we conclude l*(w')-~ l*. Q.E.D. 

PROPOSmON 3. Let 4} be a minimal Orlicz function. If L* has an isomorphic 
copy of an Orlicz sequence space l* with ~, > 2, then there exists in C,,t a function 
F equivalent at 0 to some function of C,.1. 

PROOF. Let Y be a subspace of L* isomorphic to l*. Since Y contains a copy 

of I p for p =/3,  > 2 ([4]) and L ~ has cotype 2, we have that Y is not isomorphic 

to any subspace of L ~. Now we will apply the generalized Kadec-Pelczynski 

method ([5] Prop. 1.c.8): Let us consider the sets 

o'(f,e)={t: ]f(t)l> el]fll} and M(e)={ fEL*:  /~(cr(f,e))>=e} 

for f ~ L *  and s >0 .  For each n > 2 ,  there exists an f, E Y with Ill, tl = 1 and 
Jr. E M(1/2"). If T is the isomorphism between Y and l*, then (T(e~))i is a basis 

of Y and we can choose functions u, = Z~et a~T(e~) of Y verifying that 

1-1_-<flu. l[_-<l+ 1 and tu . ( t ) - f . ( t ) l<24 

outside of a set A, C [0,1] of m e a s u r e  tz(An)• 1/2". 

We claim that u, E M(1/2"-2). Indeed, it is clear that 

o'(u,, 21-~)c {t: Iu~(t) t>3 } = B,. 

Now if t E B, \A,  then If- (t)l ~ 1/2"-I > 1/2", so t E ~r(L, 1/2"). Hence 

and u, ~ M(1/2~-2). 

Furthermore, in the above construction we can replace in each step corres- 

ponding to n > 3 the subspace Y by the subspace Y,, = [T(e~)~=N{. ,}], which is 

isomorphic to Y since the basis (T(e~))~ is subsymmetric. Hence we obtain a 

block basis of (T(e,))~ that we still denote by (u,)7, and by a routine argument 

([4], p. 142) there exists a subsequence (u,~)~=~ of (u,)T generating in Y an Orlicz 

sequence space l ~ for some function F ~ (7+.,. 

Now, working with a subsequence (u%)p=, of (u,~)~=l as in the proof of ([5] 

Prop. 1.c.8), we can find functions (&)~_, of L* with mutually disjoint supports 

verifying 
1 

II & - u.~Jl < 2'-' for j = 1,2 . . . . .  
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Hence, by a perturbation result ([4] Prop. 1.a.9i), the basic sequences (gj)• and 

(u ,,k)~-, are equivalent, so the subspace [(gi)]~=l is isomorphic to [(u %)]~=1 ~ I v. 

Finally, by the density of the step functions in L*, for each j there exist 

mutually disjoint sets Bj, r C supp(gj) and real numbers (aj.,) for r = 1 . . . . .  kj such 

that h, = E~,  aj.,XBj.r verifies 

IIg, - h, ll < 1/2j. 

Hence the space [(hj)]7=l is isomorphic to l r. On the other hand, the subspace 

[(XB,,,)]j.r is isomorphic to l* by the proof of Proposition 2. Therefore I s contains 

a subspace isomorphic to l F and from ([4] Thin. 4.a.8) we conclude that F is 

equivalent at 0 to a function of C,,1. Q.E.D. 

PROPOSITION 4. Let  4) be a m i n i m a l  Orlicz func t ion  and  p > 2. Then  L*  has a 

copy (resp. a comp lemen ted  copy)  o f  l p if and  only if  l ~ has a copy (resp. a 

c o m p l e m e n t e d  copy)  o f  I p. 

PROOF. One of the implications is a simple consequence of Proposition 2. 

Now if L* has a copy of l P, we apply Proposition 3 for 4J(t) = t p and get that l* 

has a copy of l p. 

Let us assume now that L* has a complemented subspace Y isomorphic to l p. 

Repeating the proof of Proposition 3 we obtain, with the same notation, the 

block basis (u,~)~=~ of Y in L*. Since every block basis of the canonical basis of 

I p is complemented ([4] Prop. 2.a.1) we get that the space [(u,~)]~=, ~ I p is 

complemented in Y and hence in L*. Now, by taking an adequate perturbation 

([4] Prop. 1.a.9ii), it is possible to obtain basic sequences (gi)~=, and (hi)7_~ which 
are complemented in L *. thus l* has a complemented subspace isomorphic to 

[(h;)];,  ~ l °. Q.E.D. 

It is well known that in every reflexive Orlicz function space L* the 

Rademacher functions'span is a complemented subspace isomorphic to l 2 (e.g. 

[51). 

PROOF OF THE THEOREM. Fix 2 _--< r =< s < ~; let us consider the minimal Orlicz 

function 4, defined by Lindenstrauss and Tzafriri in ([3], [4] Example 4.c.7) with 

indices 2 =< r = o~, =< s =/3, .  Thus the minimal Orlicz sequence spaces l* do not 

have any complemented subspace isomorphic to l p for p == 1. Now, as we 

remarked above, the function 4) on [0, 1] can be extended to a minimal function 

in C(0,~) which we also denote by qx Hence the indices of 4, are c ~ =  r and 

/3~ = s. Since a ~ 2  it follows from ([3], p. 386) that L* contains no copies of I p 

for pff  [a~,/3;] tO {2}. So, using the above Proposition, we conclude that the 
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Orlicz space L* does not have complemented subspaces isomorphic to I p for 

p#2 .  

The remaining case is now easily proved by using duality arguments. Q.E.D. 

REMARK. We do not know whether the above result is still true when 

r < 2 < s .  
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